The successes of superconducting quantum circuits at local manipulation of quantum information and photonics technology at long-distance transmission of the same have spurred interest in the development of quantum transducers for efficient, low-noise, and bidirectional frequency conversion of photons between the microwave and optical domains. We propose to realize such functionality through the coupling of electrical, piezoelectric, and optomechanical resonators. The coupling of the mechanical subsystems enables formation of a resonant mechanical supermode that provides a mechanically-mediated, efficient single interface to both the microwave and optical domains. The conversion process is analyzed by applying an equivalent circuit model that relates device-level parameters to overall figures of merit for conversion efficiency η and added noise N . These can be further enhanced by proper impedance matching of the transducer to an input microwave transmission line. The performance of potential transducers is assessed through finite-element simulations, with a focus on geometries in GaAs, followed by considerations of the AlN, LiNbO3, and AlN-on-Si platforms. We present strategies for maximizing η and minimizing N , and find that simultaneously achieving η > 50 % and N < 0.5 should be possible with current technology. Our comprehensive analysis of the full transduction chain enables us to outline a development path for the realization of high-performance quantum transducers that will constitute a new resource for quantum information science.
I. INTRODUCTION
Quantum information science requires a wide range of physical resources to store, manipulate, process, and transmit quantum states. Superconducting quantum circuits operating at microwave (MW) and radio (RF) frequencies have made great strides in quantum computation [1, 2] , while systems based on optical-wavelength photons are the dominant approach for quantum communication [3, 4] . As a result, there has been significant interest in connecting microwave (or RF, alternatively) and optical domains with high efficiency η and low added noise N ( Fig. 1(a) ) to enable, for example, distributed quantum computing and quantum networks based on superconducting quantum nodes [5, 6] . This approach is also a key enabling platform for low-noise optical detection of weak microwave signals [7] , e.g., in the context of nuclear magnetic resonance [8] [9] [10] .
While coherent interfaces between the microwave and optical domains already exist, for example, using telecommunication electro-optic modulators [11, 12] , their transduction efficiency is likely too small to be of practical benefit for quantum applications. To ad-dress this challenge, many approaches have been explored [13] , based on doubly-enhanced electro-optics [14] [15] [16] [17] , magneto-optic effects in doped crystals [18] , ferromagnetic magnons [19] , and mechanically-mediated processes [5, 6, [20] [21] [22] . The latter approach utilizes phonons as an intermediary that can couple to both microwave and optical photons. One implementation of this mechanics-based approach is a thin membrane that capacitively couples an electromechanical circuit to the optical field in a Fabry-Perot cavity. This has proven to be quite effective, with up to 47 % conversion efficiency and as few as 38 added noise photons demonstrated [23] . So far, this type of approach has only been demonstrated using planar MHz frequency electro-mechanics coupled to hand-assembled free-space optical cavities. In parallel, fully chip-integrated versions with mechanical frequencies in the 100 MHz to 10 GHz range are being developed [24] [25] [26] [27] .
Piezoelectric platforms provide another approach for mechanically-mediated microwave-to-optical conversion [28] . Piezoelectric devices such as filters based on interdigitated transducers [29] and film bulk acoustic resonators [30, 31] directly couple GHz frequency electromagnetic and acoustic waves. These GHz frequency acoustic modes have a micrometer-scale wavelength consistent with the localization scale of the optical mode in highly confined nanophotonic resonators [32] [33] [34] [35] [36] . The mechanical vibration can then modulate the optical signal via the optomechanical interaction ( Fig. 1(b) ). This has led to the realization of several integrated platforms Frequency-domain depiction of the transduction process, where an input microwave signal on resonance with the mechanical mode of a piezo-optomechanical resonator (so that ωMW = ωm) is upconverted to the optical domain through an optical pump at frequency ωpump. The pump is red-detuned with respect to the optical mode (frequency ωo) of the piezo-optomechanical resonator so that ωpump = ωo − ωm. The optomechanical interaction creates upper (dashed blue arrow) and lower (dashed purple arrow) sidebands with respect to the pump; the target output signal for quantum transduction is the upper sideband, which is filtered by the optical mode . (c) Block diagram of the piezo-optomechanical transduction process, indicating the electrical, mechanical, and optical nodes, relevant frequencies (ωMW, ωLC, ωm, ωo, ωpump), decay channels ((1 − ηe)κe, γm, κi), cooperativities (CEM, COM), and electrical and optical coupling efficiencies (ηe and ηo). While the schematics in (a)-(c) indicate conversion from an microwave input to an optical output, the system is bidirectional, and frequency downconversion is also possible.
combining piezoelectricity and optomechanics [32] [33] [34] [35] [36] [37] . Building an efficient piezo-optomechanical transducer requires optimization of each step of the conversion process from electrical to mechanical to optical, with emphasis on effective interactions between each element and low losses. However, conversion efficiencies in recent demonstrations have been low, due to factors such as weak piezoelectric coupling, geometric size and impedance mismatch between acoustic elements, inefficient single-pass electro-acoustic transfer, and a host of other design, technical, and material difficulties.
Here, we propose a piezo-optomechanical approach that overcomes many of the aforementioned challenges by mediating transduction through a mechanical supermode that results from coupling piezoelectric and optomechanical resonators. This piezo-optomechanical transducer combines the low insertion loss of piezoelectric resonators [38] [39] [40] [41] with the large optomechanical coupling exhibited by nanoscale cavity optomechanical resonators [42] . The combined enhancement of both resonators alongside strong mechanical interaction between the two integrated subsystems opens the door toward efficient and reversible coherent transfer of quantum states. The addition of an electrical impedance matching network further enhances the efficiency by tuning the electromechanical interaction to match that of the optomechanical system. Moreover, the resonant signal enhancement provided by the matching circuit serves to diminish the relative size of the mechanical thermal noise. In practice, however, the coordination, performance, and matching of all the elements into an efficient and low-noise transducer is difficult, and the ensuing design trade-offs are a central topic of this article.
Our proposal and supporting theory will be discussed in the sections below. In Section II, we outline the basic coupled resonator concept. In Section III, we apply the equivalent circuit analysis of optoelectromechanical systems proposed in Ref. [43] to establish formulas for key metrics based on physical parameters that characterize the component elements. After laying down the theoretical groundwork for transduction efficiency η, added noise N , and conversion bandwidth ∆ω, two optimization scenarios will be addressed: maximizing η (Section IV) and minimizing N (Section V). We then present in Section VI finite-element simulations of coupled piezoelectric and optomechanical resonator geometries in GaAs, from which we extract estimates for device-level physical parameters such as the piezoelectric and optomechanical couplings. This information is combined with recent data from experiments on GaAs optomechanical crystals operating at T < 100 mK [36, 44] to yield estimates of η and N . We discuss these metrics in terms of what is currently achievable in practice and what advances need to be realized to improve performance. Within this context, we also consider the potential of stronger piezoelectric material systems such as AlN, LiNbO 3 , and AlN-on-Si.
II. COUPLED RESONATOR APPROACH
Figure 1(c) presents an overview of the microwave-tooptical transduction scheme. Briefly, an input microwave signal at frequency ω MW is coupled into an LC circuit with resonant frequency ω LC = ω MW and coupling efficiency η e . Embedded in the LC circuit is the piezooptomechanical transducer, which has a mechanical frequency ω m that is equal to the input microwave field, ω m = ω MW . The mechanical excitation driven by the input microwave field is upconverted to the optical domain (ω pump +ω MW ) using an optical drive at frequency ω pump . For low-noise quantum transduction applications, ω pump is typically red-detuned from the resonant frequency ω o of the optical cavity by ω o − ω pump = ω m in order to enhance the optomechanical beam-splitter interaction associated with the upper sideband (light blue arrow in Fig. 1(b) ) while suppressing the unwanted amplification effects from the two-mode-squeezing interaction of the lower sideband. Sideband-scattered intracavity photons at ω o are finally outcoupled into an output optical waveguide with efficiency η o . Figure 2 shows an example of the piezo-optomechanical transducer geometry we propose in this paper. The transducer ( Fig. 2(a) ) consists of a piezoelectric resonator that is directly coupled to a nanobeam optomechanical crystal resonator. The mechanical coupling between these two resonators can be made sufficiently large so as to hybridize their mechanical modes, resulting in effective mechanical supermodes that can be coupled to piezoelectrically and optomechanically (see Appendix A). Figure 2 (b) provides an example finite-element method (FEM) simulation of the coupled resonator geometry, indicating such a mechanical supermode that is a hybrid of the modes of the individual piezoelectric and optomechanical resonators. The optical field profile is confirmed to be confined within the nanobeam portion of the transducer (top right of Fig. 2(a) ), with its optical quality factor Q o depending on the specifics of the connection to the piezoelectric resonator. For the optical output, a waveguide, either built-in (Fig. 2(a) ) or an optical fiber taper, couples to and from the optical cavity created by the photonic crystal in the nanobeam.
There are several benefits of this coupled resonator approach. First, it separates the metallic electrodes from the optical field, important for maintaining high Q o and avoiding optical absorption-induced heating of the electrical circuit (which may be superconducting). Second, it supports the GHz mechanical mode frequencies associated with nanobeam optomechanical crystals that have been implemented in piezoelectric platforms such as GaAs [45] , AlN [32, 46] , and LiNbO 3 [47, 48] . High mechanical mode frequencies enable lower thermal phonon numbers at a given temperature and thus allow lower added noise. On the cavity-optomechanical side, good sideband resolution ((4ω m /κ o ) 2 > 1, where κ o is the total optical cavity mode decay rate, typically hundreds of MHz to GHz for most integrated cavity optomechanical systems) is desirable to suppress scattering into the lower frequency sideband induced on the optical drive by the mechanics, which acts as a source of parametric amplification noise. In addition, our approach takes advantage of the large optomechanical coupling rate (g 0 /(2π) > 1 MHz) that has been demonstrated in piezoelectric nanobeam optomechanical crystals, especially in GaAs, due to its high refractive index and large photoelastic coefficients [45] . Since the optomechanical interaction scales with intracavity pump photon number and the square of its single-photon coupling rate, the latter is extremely important when the former is limited to prevent excess heating in cryogenic experiments [36, 44, 49, 50] .
Finally, the coupled resonator approach successfully addresses acoustic wave impedance matching challenges. Such challenges arise in developing a platform that can simultaneously couple traveling acoustic waves to both microwave and optical waves, while maintaining spatial separation of optical fields and metal electrodes. For example, interdigitated transducers (IDTs) used for generating surface acoustic waves are straightforward to design and fabricate [34, 35] , and can easily be spatially separated from the optomechanical resonator. However, the geometry in which they are incorporated introduces two problems. First, their efficiency in converting a microwave input signal to an acoustic wave can be limited, particularly in materials such as GaAs with a relatively weak piezoelectric effect. Second, the traveling surface acoustic wave that is typically generated by an IDT suffers from acoustic impedance mismatch. The main challenge is satisfying simultaneously a microwave transmission line impedance of 50 Ω, which requires IDTs tens of micrometers in width, and coupling the laterally-wide acoustic waves into a thin 500 nm-wide nanobeam cavity where the localized mechanical mode resides. Our approach addresses both of these challenges.
III. PIEZO-OPTOMECHANICAL TRANSDUCTION THEORY
Several schemes for quantum transduction have been put forward in the literature (which we will not attempt to exhaustively review here). In this work, we focus on linear phase-insensitive transducers. This is a meaningful approach when transducing signals for which the arrival time is unknown. In contrast, if the arrival time (and temporal mode) is known, various schemes in which, e.g., coupling rates or detunings are varied in time, may be advantageous [20, 21, [51] [52] [53] [54] . A central performance metric for a transducer is its ability to convert an input signal into the desired output channel, represented by the transfer efficiency η. Another essential figure of merit concerns the unwanted incoherent noise quanta injected by the transducer into the output channel. We quantify this contribution by the number of noise photons per unit time per unit bandwidth, N ; we reference this number to the input of the transducer, rendering it the inverse signal-to-noise ratio. Lastly, the spectral profile for the efficiency has bandwidth ∆ω. In this section, the full transduction scheme from input to output will be laid out. To start, the input and output ports will be defined and some assumptions about the detection method will be made. Then, all essential elements of the piezo-optomechanical transducer will be modeled through an equivalent circuit approach using methodology from Ref. [43] (summarized for the present purposes in Appendix B), resulting in the joint equivalent circuit shown in Fig. 3 . Based on this circuit, we finally calculate the transducer figures of merit η, N , and ∆ω.
A. Input-output theory and detection scheme A familiar concept from circuit analysis is the scattering matrix S that links the incoming and outgoing fields v in(out) of the various signal and noise ports of a circuit in the frequency domain,
where each port is represented by an entry in the vectors v in(out) . The action of a linear piezo-optomechanical quantum transducer can be described by such a formalism provided that the following generalizations are made: 1) Different ports can have different carrier frequencies, in order to account for the upconversion brought about by the optomechanical pump field, and 2) the itinerant fields v in(out) are quantized. Note that the scattering matrix S of a linear system is the same in the classical and quantum cases, hence explicit quantization of the internal transducer modes is not required. When characterizing the performance of a transducer, not all elements of S are of equal importance, and this permits a more economical description. Two interconnected types of simplification are applied. First, if a particular output port is of interest (i.e., a particular element of v out ), we may choose to focus on the corresponding row in S. Second, concerning the noise inputs, assumed to be uncorrelated with the input signal, we are interested only in their net noise statistics in the output. These two aspects are connected because the noise statistics depends on the type of measurement performed on the output field, e.g., photon counting or homodyne detection, which, in turn, is reflected in the basis choice for v out .
We now apply these considerations in the present context of piezo-optomechanical transducers introduced in Section II. In this work we assume for definiteness and simplicity that the upper sideband of the outgoing optical field is measured by photon counting while the residual outgoing lower sideband is discarded (as can be achieved using a sufficiently narrow filter cavity). While this detection strategy is clearly suboptimal, since the information in the lower sideband is lost, it is reasonable in the resolved-sideband regime and makes for a straight- . Piezo-optomechanical circuit: a transmission line with characteristic impedance Ztx is piezoelectrically coupled, through a RLC matching network (green region), to a mechanical mode represented by a Butterworth-van Dyke (BVD) circuit (red region). The BVD circuit model is composed of a motional arm including a motional resistor Rm, capacitor Cm, and inductor Lm in parallel with the static arm that includes a static capacitor C0. The optomechanical cavity (blue region) is coupled in series to the motional arm of the piezoelectric circuit via equivalent impedances in which the upper sideband, whose coupling is represented by the transmission line with (positive) characteristic impedance ROM,+, is the target optical output for low-noise transduction, whereas the negative resistance −ROM,− < 0 accounts for the amplification effect of the lower sideband. This simple equivalent circuit is a valid description of the optomechanical coupling in the adiabatic regime where the sidebands are much narrower than the optical cavity linewidth κo. All resistive elements, including the transmission line impedance, are accompanied by a voltage source 2Vi accounting for their associated signal or noise inputs. In particular, the incoming transmission line signal is Vtx, and the fraction of its power dissipated in ROM,+ is the signal transfer efficiency η.
forward practical interpretation of our results. Based on these considerations we can write an effective scattering relation for electrical-to-optical conversion (ω > 0),
in terms of the incoming fieldâ in of the transmission line and the outgoing fieldb out of the upper-sideband optical field obeying commutation relations
(2) for our piezo-optomechanical system). Equation (2) gives definite meaning to η as the signal (power) transfer efficiency and N as the transducer dark-count noise flux per unit bandwidth referenced to the input, thus completing the black-box transducer description illustrated in Fig. 1(a) .
Even if solely interested in electrical-to-optical conversion, the outgoing field of the electrical (input) port contains information of interest due to signal reflection and noise cross-correlations, as can be exploited in feedforward [23] and adaptive [55, 56] transduction schemes. However, we choose to discard the outgoing field of the input port in order to characterize the performance of our transducer within the simplest possible scheme. In this sense, Eq. (2) suffices to describe the transducer, but it is straightforward to extend our analysis to evaluate signal reflection and noise cross-correlations if desired.
For quantum transduction, high transfer efficiency (η → 100 %) and low added noise (N → 0) are desired. In practice, this ideal limit cannot be attained and a tradeoff between large η and small N must be made. Their relative importance, and hence the optimal trade-off, depends on the application and the method of detection involved [57] . Our analysis focuses, to some extent, on transduction of microwave quantum signals to the optical domain as captured by Eq. (2) . Even though η is the same in both directions due to symmetry considerations, the same does not hold for N due to the non-equilibrium nature of the system (see Appendix D for details). So while our optimization of η in a subsequent section automatically applies to both directions, in the main text our noise analysis will focus on electrical-to-optical conversion since only for this direction do all of the transducer implementations considered here perform well in terms of N (although some exhibit good bidirectional performance).
B. Piezoelectric circuit
The electromechanical behavior of a piezoelectric resonator can be modeled effectively using an equivalent electrical circuit. One conventional lumped-element circuit model is the Butterworth-van Dyke (BVD) model as shown in the red box of Fig. 3 [41, 58] . The motional arm of the circuit (resistance R m , inductance L m , capacitance C m ) is the equivalent-circuit representation of the mechanical susceptibility (defined in terms of, e.g., mass, spring constant, and relaxation rate). The proportionality factors between mechanical and equivalent electrical parameters encode the conversion strength of electrical energy to mechanical energy. The equivalent charge on the mechanical capacitance C m is proportional to the excursions in position of the mechanical mode relative to its equilibrium configuration. The static arm (capacitance C 0 ) forms the electrical capacitance of the physical device.
The strength of the piezoelectric interaction in a particular device is commonly quantified by the effective electromechanical coupling coefficient k 2 which relates the energy conversion between electrical and mechanical subsystems. This coefficient is purely a material and geometric parameter [59] . Although there are many ways to define k 2 [60, 61] , we choose a definition that relates back to the BVD circuit parameters,
illustrating the fact that the magnitude of the equivalent mechanical capacitance C m encodes the electromechanical interaction strength. Having defined the coupling, the motional resistance can then be related as
where γ m is the mechanical energy loss rate and ω s = 1/ √ L m C m is the mechanical series resonance frequency (the latter expression fixes L m for given ω s and C m ). The final expression in Eq. (4) shows that the equivalent resistance R m of a given γ m decreases with increasing piezoelectric coupling strength k 2 .
C. Matching network
The impedance Z of a bare nanoscale piezoelectric device can be difficult to impedance match to a Z tx = 50 Ω transmission line, as |Z| can vary between a few ohms to thousands of ohms when taking into account the range of possible parameters that enter into Eqs. (3) Figs. 2 and 3 ) which consists of a tuning capacitor with capacitance C T in parallel with C 0 and a tuning inductor L in series. A resistor R L is also added to account for inductor resistive loss as well as any additional ohmic loss at the transmission line input. The impedance transformation provided by the matching network can be viewed as being due to the resonant signal enhancement according to its (loaded) quality factor
The desired transformation depends on the optical loading and will be discussed in a subsequent section. The above points to the fact that the electrical resonance ω LC = 1/ L(C T + C 0 ) must be aligned with a suitable mechanical resonance frequency. The mechanical resonance of the piezo-optomechanical resonator shifts to a new effective frequency, due its coupling to the electrical network,
which can be interpreted as the resonance obtained by lumping the tuning capacitance C T together with C 0 and forming a loop current with the mechanical arm (see Appendix C for details). At C T → ∞, this resonance approaches the series resonance ω s , while for C T → 0, the resonance shifts to the parallel resonance
We assume a negligible frequency shift due to optical forces, as is typically the case for the high frequency, large stiffness resonators we consider.
With suitable choice of L and C T (see Appendix E), the electrical resonance can be matched to the mechanical resonance frequency ω LC = ω m while simultaneously achieving the desired enhancement Q LC (provided that it does not exceed the maximal value 1/[(Z tx + R L )C 0 ω p ]). When these frequencies match, the imaginary part of the impedance of the piezo-optomechanical transducer is zero at ω = ω m as seen from the transmission line (provided that the corresponding optomechanical resonance matching ω o = ω m + ω pump is ensured); this is a necessary requirement for impedance matching.
With the electrical and piezoelectric circuit elements defined, electrical input parameters can now be calculated. Since the resistance R L is in series with the transmission line, it simply results in a finite electrical coupling efficiency:
The resonantly enhanced electrical loading of the mechanical mode can be expressed as
where Z LC = L/(C 0 + C T ), or alternatively, in terms of the electromechanical cooperativity
where κ e = (Z tx + R L )/L is the electrical decay rate (FWHM) and g EM = k 2 T ω m /2 is the electromechanical coupling rate in terms of the reduced piezoelectric coupling strength k
] assuming matching frequencies ω m = ω LC (see Appendix F for derivation).
D. Optomechanical equivalent circuit
The last element of the equivalent circuit concerns the optomechanical coupling (blue box in Fig. 3 ), represented by the frequency-independent effective resistances R OM,± . This simple description of the optomechanical coupling is valid for signals which are narrowband compared to the optical cavity linewidth κ o (FWHM). It results as a limiting case of a more general equivalent circuit derived in Ref. [43] and summarized in Appendix B.
For the simple quantum transduction scheme specified in Section III A, the desired optical output port is the upper sideband (see Fig. 1(b) ); this is represented by the positive transmission line characteristic impedance R OM,+ > 0, which plays a role analogous to that of the electrical transmission line impedance Z tx . The value of the optomechanical impedance R OM,+ encodes the optomechanical coupling strength and the optical resonant enhancement, in analogy to what was discussed for the electromechanical coupling above, and hence these are knobs for engineering the transducer circuit. The residual coupling to the lower sideband, owing to finite sideband resolution, is represented by the negative resistance −R OM,− < 0, indicative of the ability to amplify motion through the optical drive. In the present context of quantum transduction, it is typically desirable to suppress this amplification effect, as can be achieved by operating in the resolved-sideband regime (4ω m /κ o ) 2 1 with a reddetuned pump ω pump = ω o − ω m . However, we retain the residual amplification (and associated noise) due to nonzero R OM,− in our description to account for its impact on our transducer figures of merit, η and N . Note that our depiction in Fig. 3 of R OM,+ as being associated with a transmission line but −R OM,− with a resistor is consistent with the simple transduction scheme analyzed here; it hinges on the equivalence between a resistor and an unmonitored semi-infinite transmission line with a suitable thermal input field [67] .
The definition for the optomechanical impedances for the upper (+) and lower (−) sidebands are:
where the well-known optomechanical cooperativity is defined as
with the pump-enhanced optomechanical coupling rate g OM = g 0 √ n phot proportional to the square root of the number of intra-cavity drive photons n phot and the singlephoton optomechanical coupling rate g 0 , and κ o is the energy decay rate of the optical mode. The optical cavity Lorentzian sideband amplitudes are expressed as
in terms of the laser detuning from cavity resonance ∆ = ω pump − ω o . Finally, to complete the picture at the output, the optical cavity is coupled to an external channel, for example a waveguide, with efficiency
where κ o = κ ext + κ i consists of waveguide coupling κ ext and intrinsic loss κ i contributions. Q o = ω o /κ o is the loaded optical quality factor of the optical mode.
E. Signal transfer efficiency η
With all the pieces in place, we now turn to the signal transfer efficiency η of our piezo-optomechanical transducer, which is the probability that an incoming signal photon is converted to an outgoing photon in the desired output channel. Though the transfer efficiency is the same for the two conversion directions (as shown in Appendix D), the flow here is described as going from the microwave regime to the optical regime. Overall, the peak signal transfer η peak ≡ η(ω m ) from the microwave transmission line to the upper optical sideband for the piezo-optomechanical transducer in Fig. 3 is (see derivation in Appendix C)
which is the mainstay equation for opto-electromechanical efficiency [6, 20, 52, 68] . The two prefactors in this expression represent incoupling and outcoupling of the microwave and optical signals, respectively, while the third term is an internal efficiency of conversion which takes into account losses due to mechanical dissipation and lack of impedance matching (see further below and Appendix C).
F. Added noise N
In this section, we consider the second figure of merit, added noise N , as referenced to the signal input in the sense of Eq. (2). We focus below on two contributions to the noise arising in our transduction platform: optical noise and thermomechanical noise. We assume our electrical circuit to be in the ground state under thermal conditions, in which case the ohmic losses R L of the matching network only lead to the injection of vacuum noise, which will not contribute to N under the chosen detection scheme. To start, assuming that the optical pump field is in a coherent state such that its fluctuations are of those of vacuum, for finite optomechanical sideband resolution the two-mode-squeezing interaction produces a non-zero outgoing flux of noise quanta in the upper sideband (even in absence of signal input). This noise contribution can be suppressed by appropriately squeezing the incoming pump field so as to counteract (unwanted) squeezing due to finite sideband resolution of the cavity [69] . However, in the transducer optimization presented below, we will not explicitly invoke this technique. The two-modesqueezing interaction also gives rise to a lower (Stokes) sideband in the optical output (relative to the carrier ω pump ). But, as discussed in Section III A, we consider the output port to be the upper sideband while the lower sideband is a source of noise.
Moreover, under realistic conditions, the mechanical mode has a finite thermal occupation due to the ambient mechanical bath and also injects noise into the output port. The total added noise flux per unit bandwidth referenced to the input signal is the sum of these two con-tributions, Raman scattering noise N o and mechanical thermal noise N m , so that:
where N is defined as (ω > 0)
in accordance with the choice of measurement scheme described in Section III A, that is photon counting of the upper optical sideband. In the present section we assume the regime of adiabatic transduction where the signal bandwidth is small compared to the linewidths of both electrical (κ e ) and optical (κ o ) resonators, within which N (ω) is essentially flat (the behavior outside this regime is discussed in the next subsection).
Optical amplification noise No (Raman noise)
The amplification noise due to the Stokes process leads to added noise contribution in the optical output,
which is independent of the Fourier frequency ω within the adiabatic regime of narrow signal bandwidths compared to the electrical and optical linewidths. This contribution arises from the fluctuations in the lower sideband which, via two-mode squeezing, create phonons in the optomechanical cavity which, in turn, are transduced into the upper sideband.
Mechanical thermal noise Nm
The mechanical thermal noise is proportional to the thermal occupancy of its bath, as given by the Bose-Einstein distribution n m (ω) = (e ω/(kBT ) − 1) −1 , and inversely proportional to C EM ,
capturing the enhancement in the ratio of electrical signal to mechanical noise brought about by the electrical resonator. The dependence of n m on Fourier frequency is typically negligible over the signal bandwidth and can hence be approximated by setting ω ≈ ω m . The quantity C EM /n m appearing in Eq. (17) is known as the electromechanical quantum cooperativity; it is (approximately) the ratio of coherent electromechanical coupling to the thermal decoherence induced by the mechanical bath. The desired regime for quantum-level transduction N m 1 thus requires C EM /n m 1.
G. Transduction bandwidth ∆ω
In our discussion of the transduction efficiency η in Section III E we focused on its peak value, achieved at the transducer resonance ω MW = ω m . However the finite bandwidth of any realistic signal requires us in general to consider the full frequency profile of the transfer efficiency η(ω) and added noise N (ω). Nevertheless, we generally focus on the adiabatic regime of signals that are narrowband compared to the electrical and optical resonator linewidths, κ e and κ o , therefore N (ω) is approximately constant around the frequency of interest as mentioned previously. Hence, the noise bandwidth (≈ κ e ) is effectively infinite. In this adiabatic regime, the transducer bandwidth can be meaningfully characterized as that of η(ω) and is simply given by the dynamically broadened mechanical linewidth (full width at half maximum, FWHM),
which is the quantity appearing in the denominator of Eqs. (13) . Narrow intrinsic mechanical linewidths γ m are inherent in high-Q m resonators, but Eq. (18) shows that transducer bandwidth can be significantly enhanced beyond this value in the regime in which at least one of the cooperativities is large, C EM 1 and/or C OM 1. Since this regime is compatible with large transduction efficiencies η, as discussed in the next section, we will not delve into a specific optimization of bandwidth in this work.
Equation (18) for the transduction bandwidth of η(ω) is valid as long as its result is much smaller than the electrical linewidth, ∆ω κ e . Beyond the simple adiabatic regime, the full spectrum of η(ω) and N (ω) must be considered, each with its associated bandwidth (see Appendix C).
IV. MAXIMIZING EFFICIENCY η
In the preceding sections, we have introduced the essential transducer metrics, signal transfer efficiency η, added noise N , and bandwidth ∆ω. As mentioned previously, the relative importance of these depends on the specific transducer application [57] . To keep our analysis general, we do not delve into optimizing the transducer for specific applications, but instead discuss maximization of η and minimization of N . This serves to identify the performance limits of our platform and provides a good starting point for application-specific optimization.
Our first optimization scheme seeks to maximize conversion efficiency η. However, we make the implicit assumption that N should be kept reasonably small. In fact, it is possible to reach the regime where η > 1 due to amplification by decreasing the optomechanical sideband resolution (4ω m /κ o ) 2 < 1, but this is accompanied by more added noise (see Eq. (16) and further derivation in Appendix G). We therefore refrain from employing this effect to boost η in our optimization by assuming a fixed degree of sideband resolution. We will provide some heuristic optimization principles after our analysis, taking into account typical experimental limitations.
A. Analysis
Assuming the optomechanical and mechanical parameters to be fixed, the peak signal transfer efficiency η peak [Eq. (13)] reaches an optimal point as a function of C EM at
which amounts to choosing the electromechanical broadening of the mechanical mode to be equal to the intrinsic mechanical linewidth plus the net optomechanical broadening. Note that only for η e = 1 does this amount to exact impedance matching of the microwave transmission line to the transducer so that no reflection occurs.
To reach the cooperativity matching of Eq. (19), the elements of the matching network must be correctly chosen (refer to section III C and see Appendix E for details). The maximized peak efficiency, achieved at the matching condition
The final expression assumes the most common operating point for low-noise quantum transduction, where the laser is red-detuned with respect to the optical resonance by ω m . Moreover, in the limit of good sideband resolution, the peak efficiency is approximately given by
It is easy to see that in this amplification-free limit η opt peak ≤ 1. For the optical amplification noise N o , evaluating Eq. (16) under the cooperativity matching condition (19) ] that maximizes η peak , we find
Assuming that the laser drive is red-detuned by the mechanical frequency, ∆ = −ω m , this becomes:
Optomechanical resonator Piezoelectric resonator Matching network For sufficiently good sideband resolution, this is approximately:
This noise contribution increases with C OM , although it saturates for C OM 1. Moreover, it can be suppressed by the factor (4ω m /κ o ) 2 by increasing the sideband resolution.
Finally, we note that the thermal noise N m is suppressed by a factor 1/C EM = 1/C opt EM from Eq. (17) . Hence suppression of thermal noise is sacrificed by the present choice of C EM = C opt EM < C max EM below the maximum electromechanical cooperativity, which will be discussed in Section V.
B. Discussion
The theoretical optimization analysis in the previous subsection is now discussed in view of the experimental constraints of our platform. To this end, we summarize the procedure using the flow chart in Fig. 4 . We optimize η peak for a given piezoelectric circuit and given optomechanical system, assuming C EM can be optimized by constructing the right matching circuit so that C EM = C opt EM is realized [Eq. (19) ]. We note that C OM can in principle be tuned by injecting more photons n phot into the optical cavity to increase g OM . However, to prevent excessive heating or nonlinear losses in some materials, n phot should be kept low, especially when attempting to reduce added noise N (mainly thermal phonons) by lowering the effective temperature T . Recent experiments working at dilution refrigerator temperatures indeed give us insight that n phot should be restricted to around n phot ≈ 280 [36, 44] . Moreover, since the external optical coupling κ ext can tune both η o and C OM , its value can be optimized to obtain a trade-off between them that maximizes η peak [Eq. (20) ]. This optimal optical coupling κ opt ext amounts to adjusting the optical matching network (further discussion in Appendix H). Therefore, in this work, C OM is treated as a quasi-fixed value due to the capped value of n phot and the optimization of κ ext , while the electromechanical cooperativity C EM can be more easily adjusted via the electrical matching network.
Looking at a higher level, perfect couplings η e = η o = 1, high matched cooperativities C OM ≈ C EM > 1, and decent sideband resolution evidently lead to higher efficiencies η peak ≈ 1 and low added noise N < 1 as long as thermal phonons are suppressed (upper right regions in Fig. 5 ). In this high cooperativity regime, strong sideband resolution is the main focus for optical noise, while low thermal occupation is the main requirement for low thermal noise.
In the low cooperativity regime (C OM < 1 and C opt EM ≈ 1), achieving high η involves maximizing C OM (see green line in Fig. 5(a) ). Based on typical performance of existing piezo-optomechanical systems, large optomechanical cooperativity C OM 1 is generally more difficult to achieve in chip-integrated optomechanics, particularly in cryogenic environments due to constraints on n phot to avoid heating. By exploiting the resonant enhancement discussed in Section III C, large C EM 1 can easily be achieved even for weak piezoelectric coupling k 2 1 for the material platforms we assess.
V. MINIMIZING ADDED NOISE N
Having discussed the maximization of the signal transfer efficiency η in the previous section (while also evaluating the resulting noise N ), we now turn to minimizing N . Noting that N is essentially the ratio of noise to signal photons, this optimization strategy is particularly relevant to transducer applications which employ postselection (conditioned on the detection of a photon). In such scenarios, it is largely N that determines the protocol fidelity whereas η mainly sets the success rate, and hence the number of repetitions of the protocol required to detect a photon in the output. Thus, our primary focus in this section is on minimizing N , and subject to this constraint we seek secondarily to make η as large as possible.
A. Analysis
In the present context of electrical-to-optical conversion, minimization of N is achieved with the matching network that provides maximal resonant signal enhancement and thus the maximal C EM = C max EM . This is achieved with C T = 0 while choosing L so as to achieve a joint resonance ω LC = ω m as previously. From Eq. (8) we have,
having used Eq. (3) to achieve an expression in terms of the native piezoelectric device parameters. This matching network is optimal for noise suppression insofar as the ohmic resistance R L introduced by the inductor does not excessively degrade η e . That C EM = C max EM leads to minimal N follows directly from Eqs. (16) and (17) . It remains to decide on the optomechanical parameters C OM and L 2 − . In the limit L (13)] only, hence uniquely determining its optimal value in this limit,
c.f. Eq. (19), resulting in the peak signal transfer efficiency
c.f. Eq. (21) (see white line in Fig. 5 ). However, the required smallness of L 2 − is typically intractable and, as discussed in previous sections, the piezo-optomechanical transducers considered here are typically in a parameter regime where
[Eq. (26)] cannot be achieved. We observe that within this regime, the signal transfer efficiency η peak [Eq. (13)] is independent of the optical amplification L 2 − > 0 to leading order in C OM ,
Consequently, in this regime, the optical Stokes process essentially only adds noise while the amplification in η peak is negligible.
To proceed, we make the heuristic restriction that the optical amplification noise must be kept below the mechanical thermal noise,
Within this constraint, the product η o C OM L 
this implies increasing n phot as much as is permissible and optimizing the optical outcoupling rate κ ext (see Appendix H for details).
If optical noise is larger than thermal noise, then Eq. 
∆=−ωm
providing a relatively simple relationship between η peak and N when optimizing the latter under the stipulated conditions in the regime C OM 1 + C max EM . η peak in Eq. (30) can be further optimized by choosing the optical outcoupling rate κ ext that strikes the right balance between η o and L 2 ± (see Appendix H).
B. Discussion
The minimization of noise N is based principally on realizing the maximum potential of the piezoelectric coupling with assistance from the matching inductor L to reach C max EM . Once reached, it only remains to optimize C OM to achieve a reasonable level of efficiency depending on the noise regime as illustrated in Fig. 6 .
In the rare case that we can achieve C OM > C max EM , the most judicious choice of C OM is C We note that operating at C EM = C max EM , as considered in the present section, typically implies being in the regime 2g EM > κ e , where the efficiency spectrum η(ω) exhibits electromechanical normal-mode splitting. In this case, η peak ≡ η(ω m ) is no longer a peak value of η(ω), but, crucially, it remains the value of η at the Fourier frequency ω = ω m where N (ω) is minimal (see Appendix C for details). On a related note, we refrain in this regime from discussing the transducer bandwidth ∆ω as it is not uniquely defined (see plots in Appendix C).
VI. APPLICATION TO SPECIFIC MATERIAL PLATFORMS
Gallium arsenide (GaAs), aluminum nitride (AlN) and lithium niobate (LiNbO 3 ) are materials currently used in integrated piezoelectric devices. AlN and LiNbO 3 exhibit strong piezoelectric effect and are also natural platforms on which to build photonic integrated devices. On the other hand, GaAs exhibits weak piezoelectric effect compared to the other two materials. Its piezoelectric constant e 14 = −0.16 C/m 2 is about an order of magnitude smaller than that of AlN (e 33 = 1.55 C/m 2 ) and LiNbO 3 (e 33 = 1.77 C/m 2 ). Therefore, as developed in previous sections, an electrical matching network would be beneficial to compensate for lower k 2 , and raise C EM through resonant enhancement. On the other hand, GaAs optomechanical devices have been demonstrated with g 0 /(2π) = 1.1 MHz [35, 45] , which is nearly an order of magnitude larger than that achieved in the other piezoelectric materials [34, 48] , due to its higher linear refractive index and larger photoelastic coefficients. This is important given the potential opticalabsorption-induced heating expected in a milli-Kelvin environment [36, 44, 50] , which would restrict n phot so that appreciable C OM requires large g 0 . Contrary to previous works, our approach considers the optimization of the transduction chain as a whole. In this section, we start with device-level simulations and results from recent experiments to obtain a better perspective on what performance might be realizable in the near-term and if certain parts of the system can be further optimized in various material platforms. We find state-of-the-art experimental demonstrations to extract parameters for a potential piezo-optomechanical transducer while keeping operating frequencies and the overall structure similar to our example in GaAs. The following parameters and design choices were used to mimic realistic constraints in fabrication and experimentation as much as possible:
• A thin film plate made of piezoelectric material with electrodes on top only;
• The mechanical series resonance frequency is set to ω s /(2π) ≈ 2.4 GHz;
• The piezoelectric resonator is coupled directly to a photonic crystal nanobeam optomechanical cavity with their mechanical frequencies matched;
• The optical wavelength of the optical cavity is set near 1,550 nm;
• The effective cryogenic temperature is set to T = 100 mK leading to cold input and superconducting metal circuitry (lossless matching circuit) such that R L = 0 Ω [64] and hence η e = 1;
• Room-temperature values of k 2 are maintained here due to lack of data on piezoelectric coefficients in cryogenic environments. In general, the piezoelectric constant e decreases at low temperatures but the level of reduction is material dependent [70] .
A. Piezo-optomechanical transducer in GaAs
In our specific example for GaAs, we develop a shear mode piezoelectric resonator in which the mechanical mode is driven piezoelectrically by a row of electrodes (see Fig. 7(a) and (b) ). This resonator is directly coupled to a photonic crystal nanobeam optomechanical cavity developed in an earlier work [45] . The localized breathing mode of the nanobeam hybridizes with the shear mode in the piezoelectric resonator to form a mechanical supermode. Strong coupling between the vibrations in the plate and the breathing mode in the nanobeam can be achieved as long as the mode splitting is larger than the mechanical decay rates of the individual modes. Our piezo-optomechanical device is simulated using finiteelement analysis with a numerical software [71] to extract piezoelectric circuit parameters and optomechanical properties (see Appendix A).
From simulations, we find that the piezoelectric coupling coefficient in GaAs devices is low (k 2 ≈ 0.02 % − 0.03 %). We assume Q m = ω m /γ m ≈ 10 4 , based on recent demonstrations of isolated GaAs nanobeam optomechanical crystal resonators with Q m = 20, 000−30, 000 at T < 100 mK [36, 44] and the potential increase in losses due to hybridization with the shear mode resonator. We also assume a modest intrinsic quality factor Q i = 77,000 for the optical cavity and n phot = 280 intracavity photons, consistent with recent experiments demonstrating ground-state operation of GaAs nanobeam optomechanical crystals [36, 44] .
The first two columns of Table I show two possible configurations of a GaAs piezo-optomechanical transducer Table I . Common parameters and performance of bare piezo-optomechanical transducers. This is the first in a series of tables outlining parameters for potential piezo-optomechanical transducers and comparing different device types and materials. The first three columns are GaAs devices. Columns 1 and 2 are 2-electrode and 10-electrode devices, respectively, with parameters from our simulations plus Refs. [36, 44] . Column 3 is a potentially optimized 2-electrode device using the best Qi achieved in GaAs photonic crystal cavities [72] and best Qm for isolated nanobeam optomechanical crystals [36, 44] . Columns 4 and 5 are devices in AlN and LiNbO3 with parameters from Refs. [46] and [48] , respectively. The last column is a hybrid AlN-on-Si device assuming the best optomechanical performance in Ref. [73] . The values for cooperativities, efficiency and noise (bottom two sections) are calculated based on a BVD-optomechanical circuit without matching network.
with 2 electrodes and 10 electrodes, corresponding to Fig. 7 (a) and (b), respectively. In the 2-electrode case, the small capacitance of C m leads to high motional resistance R m and, without matching network (see Appendix I), high impedance Z. The optomechanical coupling g 0 /(2π) = 300 kHz is determined by numerical simulations and takes into account the whole supermode with effective mass m eff = 4.5 pg, an order of magnitude larger than the standalone breathing mode in the nanobeam. With the aforementioned low intra-cavity photon number to prevent heating (n phot = 280), the optomechanical cooperativity is C OM = 0.08. Note that GaAs nanobeam optomechanical crystals have reached C OM > 1 at room temperature [36, 45] due to both the larger g 0 of the isolated nanobeam geometry and the increased n phot available when no restriction on heating of the mechanical resonator is imposed. Reducing the motional resistance R m can be of interest to simplify impedance matching requirements, and can be achieved by increasing the capacitance of the device by expanding the area of the piezoelectric resonator and adding electrodes. Using a 10-electrode geometry as an example, R m is reduced by an order of magnitude with a corresponding reduction in Z. However, the corresponding increase in effective mass to 30 pg causes g 0 /(2π) to drop even further to 100 kHz which reduces C OM below 0.01. Moreover, the larger size of the 10-electrode piezoelectric resonator may lead to possible spurious modes that act as effective loss channels if made close in frequency to our mode of interest. In practice, fabrication non-idealities and asymmetries may lead to their mechanical coupling. In the end, efficiencies η peak ≈ 0.01 % achieved by our currently simulated devices without employing a matching network are higher than some traveling wave schemes, but remain low for efficient quantum transduction purposes.
In Table II , a matching RLC circuit is added for maximizing efficiency. With cooperativity matching and η e = 1, reflection is reduced to zero at the effective frequency ω m in Fig. 7(c) Table III . Minimizing added noise via maximizing C EM . The values in this table are computed for minimizing noise N by using an input RL circuit. The first five columns fit the case where No < Nm, therefore, COM was maximized. In the last column, No > Nm, therefore the target was set to equate both sources of noise. The transduction bandwidth is not defined here due to normal-mode splitting in η(ω), a consequence of 2gEM > κe.
matched impedance (see inset). This is due to a large boost in C EM which is tuned to match C OM according to Eq. 19 and, simultaneously, a reduction of the impedance of the device via L and C T with respect to the input Z tx . Peak transfer efficiencies η peak ≈ 1 % are now achievable due to impedance matching.
We now turn to minimizing noise N in table III. The introduction of a large inductor L (no tuning capacitor C T = 0 F) releases the full potential of the electromechanical coupling so that the added noise reaches a level around N ≈ 10 −4 , limited by thermal noise, in our two examples. The thermal noise contribution N m is two orders of magnitude larger than N o , as expected from Eq. (16) for systems with adequate sideband resolution and small C OM . However, the 2-electrode device demonstrate higher electromechanical potential with C EM an order of magnitude larger than the 10-electrode device (due to smaller C 0 ), and thus exhibits lower N m and, in turn, lower N . The low noise N 1 in this case comes at the expense of low efficiency η 1. Increasing the transduction efficiency appreciably requires an increase in C OM while being able to maintain cooperativity matching, i.e., C EM = 1 + C OM in the limit of adequate sideband resolution. Assuming g 0 /(2π) = 300 kHz as in the targeted 2-electrode device, improvements in C OM can be realized through improved n phot , Q o , and Q m , with the latter, along with potentially higher k 2 , also resulting in increased C EM . This would ensure that cooperativity matching can be achieved without requiring exceedingly small values of C T (i.e., C T can remain substantially larger than any expected parasitic capacitance). Improvements in Q o , Q m , and k 2 should be possible through improved design and fabrication, for example, incorporating optimized photonic and phononic shielding. In fact, GaAs-based nanophotonic devices have exhibited much higher Q o than that assumed so far, with intrinsic Q i ≈ 7 × 10 5 and ≈ 6 × 10 6 demonstrated in two-dimensional photonic crystals [72] and microdisks [74] , respectively. Optical absorption is expected to be reduced for such high-Q geometries, suggesting that, together with improved thermalization [75] , larger n phot = 1,000 can potentially be achieved. Finally, as mentioned earlier, Q m ≈ 20, 000 − 30, 000 has already been observed for GaAs optomechanical crystals at T < 100 mK, and the achievement of ultra-high Q m values in silicon-based devices [49, 73] will help inform approaches to further increase Q m in GaAs. Taking these improved parameters (Q o = 94,000, Q i = 700,000, Q m = 50,000, and n phot = 1,000) into account, we arrive at the predicted performance for a more optimized GaAs device in the third column of Tables I-III . Here, we find that an efficiency η peak ≈ 70 % is possible in the maximal η case (corresponding N ≈ 0.1) and N ≈ 10 −5 when minimizing N (corresponding η ≈ 0.04 %). While challenging, these outstanding transducer performance metrics appear to be within reach of current technology.
B. Piezo-optomechanical transducer in AlN and LiNbO3
Stronger piezoelectric materials such as AlN and LiNbO 3 have been used as piezo-optomechanical platforms in the context of optical modulation [46, 76, 77] and microwaveto-optical conversion [32, 34, 48] . In purely piezoelectric resonators, the effective piezoelectric coupling coefficient k 2 can reach 3 % to 7 % in AlN [78] and as high as 30 % in LiNbO 3 [41, 79, 80] . Since k 2 is reduced when electrodes are placed solely on the top surface (as is the case for the geometries we consider), conservative numbers of k 2 = 1 % and 10 % are chosen for our examples, respectively. State-of-the-art photonic crystal nanobeam cavities now exhibit excellent optomechanical performance, for which the following parameters are extracted: Q i = 130,000, Q m = 10,000 (reached at T = 2.5 K), g 0 /(2π) = 115 kHz for AlN [34, 46] ; Q i = 10 6 , Q m = 37,000, and g 0 /(2π) = 120 kHz for LiNbO 3 [48, 81] . For comparison, we also assume that the optomechanical coupling g 0 is reduced by about a factor of three when adopting a similar device geometry (m eff ≈ 4.5 pg) as in GaAs such that g 0 /(2π) = 38.3 kHz and 40 kHz for AlN and LiNbO 3 , respectively. The static capacitance C 0 of devices built in AlN and LiNbO 3 are taken from numerical simulations as 0.5 fF and 2 fF, respectively, while C m is calculated from the aforementioned values of k 2 . These parameters are employed to showcase poten-tial performance of monolithic AlN and LiNbO 3 piezooptomechanical transducers as shown in the fourth and fifth columns, respectively, of all three tables. The photon number n phot = 1,000 is left the same as in the final GaAs example for comparison purposes. For the bare device (without a matching network) with parameters listed in Table I , the efficiency η peak reached for AlN is at the 0.1 % level, while LiNbO 3 is significantly higher with η peak ≈ 6 %. When C EM is instead matched to C OM via Eq. (19) (as in Table II ), higher optimal efficiencies of η peak = 0.4 % and 10 % can be attained for AlN and LiNbO 3 , respectively. This performance is lower than the potential device in GaAs (third column in Table II) and highlights the bottleneck of low g 0 . Due to the low initial impedance of the LiNbO 3 example (Z BVD < Z tx , see Appendix A), the RLC matching network should not enhance the signal (i.e., it should have Q LC < 1) and hence a simpler RC matching network was used since a resonance is not required (see Appendix I for details).
When minimizing N , the strong piezoelectric performance of these materials is prominent with its added noise N lower than that of GaAs. From Eq. (25), we can deduce that C max EM is one to two orders of magnitude larger thanks to higher k 2 .
C. Piezo-optomechanical transducer in AlN-on-Si
One solution to escape the mismatched cooperativity conundrum in monolithic piezoelectric materials is to consider hybrid systems. Potential combinations include AlN-on-Si or LiNbO 3 -on-Si platforms. The obvious appeal of such systems is the potential to combine the outstanding performance of Si optomechanical crystal devices, in which g 0 /(2π) ≈ 1 MHz, Q o ≈ 10 6 , and Q m > 10 9 have been achieved [42, 49, 73] , with the aforementioned electromechanical performance of AlN and LiNbO 3 . Of course, the development of hybrid platforms comes with its own challenges, including those related to physical integration of the different materials and the extent to which hybridization (e.g., of mechanical modes across the materials) reduces the performance observed in the individual platforms.
For comparison, we take AlN-on-Si as our example of a hybrid platform. We assume a piezo-optomechanical device with a base layer made of silicon on which the piezoelectric section is patterned on top with a layer of AlN before finishing with electrodes (C 0 = 0.7 fF according to simulations). Incorporating two different materials can result in a combination of their best assets but also of their drawbacks; their effects on the joint performance are not quantifiable a priori. The parameters used in this exercise is therefore assumed to be slightly lower than a pure silicon optomechanical device with g 0 /(2π) = 333 kHz (reduced due to larger device), Q i = 10 6 , and Q m = 10 6 . With high overall performance, it is evident that devices based on AlN-on-Si can reach high efficiencies η peak ≈ 30 % even without a matching network to [36] , focused IDTs in AlN [34] , and electrodes at each end in LiNbO3 [48] . The second and third columns show potential devices implementing our proposed mechanical supermode concept and the same with a matched input electrical network, respectively.
equalize the cooperativities (see Table I ). The addition of a matching network takes the efficiency to near unity. As for minimal added noise, AlN-on-Si can reach a groundbreaking level of N ≈ 10 −8 with reduced n phot to lower N o to the level of N m .
D. Optical-to-microwave conversion
In previous sections, we have alluded to the bidirectional nature of these transducers in their ability to operate in the forward and reverse directions. The overall transfer efficiency η is identical in both directions. However, the noise terms are different depending on the choice of input and output ports. In particular, in the optical-to-microwave direction, the following substitutions for N must be made: η e → η o and C EM → C OM in Eqs. (16) and (17) along with other replacements detailed in Appendix D. From this, one can conclude that low noise in the reverse direction relies heavily on high optical performance, including sideband resolution for optical noise and optomechanical cooperativity for thermal noise. In current devices where C OM seems to be the bottleneck, noise in the optical-to-microwave transduction direction has been observed to be higher than in the forward direction [34] . This motivates the current focus on microwave-to-optical conversion as long as the devices exhibit relatively small C OM < 1. Overall, good bidirectional operation requires C OM ≈ C EM max{1, n m /η o , n m /η e } and L 2 − /η o 1 to ensure low noise in both directions and large η. This bidirectional regime is within reach of the potential device in GaAs (third column in Table II ) and fully achieved in our AlNon-Si example (last column of the same table).
E. Discussion
The target for an optimized microwave-to-optical transducer is to achieve high transduction efficiency η and low added noise N , which can be realized in the limit of large, matched electromechanical and optomechanical Table V. Table comparing the bulk electromechanical (EM) and optomechanical (OM) strengths of some commonly used materials (adapted from Ref. [83] ). The electromechanical coupling coefficient (k 2 EM , material only) is defined in terms of the piezoelectric coefficient (e), the dielectric constant ( ), and the elastic coefficient (c). The optomechanical figure of merit (M ) is defined (λ=1.55 µm) in terms of the refractive index (n), the photoelastic coefficient (p), density (ρ) and the speed of sound (v). Displayed values are based on the maximum piezoelectric and photoelastic coefficients for the materials.
cooperativities. Reaching this regime is quite challenging, however. On the electromechanical side, developments within the electromechanics community on platforms such as thin film LiNbO 3 suggest that large C EM can be achieved, as we have seen in Table I . However, realizing a large and matched C OM is difficult [82] , both because of the relatively low n phot required to eliminate adverse heating effects, and the comparatively small g 0 that has been achieved in AlN and LiNbO 3 in comparison to materials like GaAs. As a result, the high C EM that is achievable in LiNbO 3 is in some sense 'wasted' by the difficulty in reaching a correspondingly high C OM if the goal is to reach high efficiency η. However, high-C EM systems might be ideal for lowering added noise N . In this case, large piezoelectric coupling, low mechanical loss, and low C 0 are desirable. Reducing N as much as possible essentially insulates the electromechanical subsystem from any external coupling, and therefore results in almost perfect reflection of the input signal at the transducer (Table III) , yielding a low η.
In GaAs, heating due to the optical field is also an issue, restricting n phot , but the significantly larger g 0 means that appreciable C OM can more readily be achieved, particularly considered its squared dependence on g 0 . Moreover, geometries that allow for better thermal dissipation such as two-dimensional photonic crystals [84] or higher bandgap materials such as gallium phosphide [85] might mitigate the heating problem. On the other hand, the electrical and mechanical resonance enhancement enables C EM > 1 even with low k 2 . As a result, high-performance piezo-optomechanical transducers in GaAs seem to be within reach -achieving C OM ≈ 4 and matched C EM (= 5) with adequate sideband resolution and at T < 100 mK results in η ≈ 70 %. Moving to higher η and lower N will require improvements in optical and mechanical loss (i.e., higher Q o and Q m ), with the latter providing benefit to both the electromechanical and optomechanical subsystems, and the former ideally occurring together with reduced thermo-optic heating, enabling larger n phot to be used. Overall, the combination of mechanical hybridization into a supermode and addition of a matching network offers the possibility to reach high transduction efficiency and low added noise in low piezoelectric materials such as GaAs, representing a vast improvement relative to the current state-of-theart (see Table IV ). Alternately, AlN-on-Si seems to offer the best of both worlds (piezoelectric and optomechanical performance), assuming no degradation in performance when creating the hybrid platform. Other materials such as gallium orthophosphate (GaPO 4 ) and barium titanate (BaTiO 3 ), which can simultaneously support strong optomechanical and electromechanical effects, are worth consideration (see Table V and Refs. [86, 87] ).
VII. CONCLUSIONS
In summary, we propose a novel approach for microwaveto-optical transduction by hybridizing the mechanical modes of piezoelectric and optomechanical resonators. A RLC matching network is incorporated to engineer the electromechanical interaction and impedance match to the input microwave transmission line. Each part of the transducer is analyzed and optimized via an equivalent circuit model in which device-level parameters are linked to figures of merit for conversion efficiency and added noise. Using data from recent experiments in platforms such as GaAs, AlN, LiNbO 3 , and AlN-on-Si as a guide, our analysis shows that high efficiencies > 50 % and low added noise at the level of 10 −6 photons are achievable by optimizing for high optomechanical and electromechanical coupling, respectively. These transducers can enable new quantum applications such as remote entanglement of superconducting quantum nodes and novel state transfer protocols [57] . In this Appendix, we give a brief discussion of the design and modeling of the piezoelectric resonator. Our current device design in GaAs follows the simple geometry of interdigitated electrodes on a rectangular suspended plate [41, [78] [79] [80] . The examples in the main text assumes a 220 nm GaAs film in the {100} crystal orientation loaded with 50 nm-thick aluminum electrodes with width and spacing of 475 nm which piezoelectrically drive the mechanical mode. The piezoelectric section is 16 µm long and is directly attached in-line to a 7 µm-long optomechanical nanobeam cavity [45] . Due to the anisotropy of GaAs, only shear modes are piezoelectrically active, examples of which are shown in the background of Fig. 8 . Unlike the case in IDTs on bulk material, the acoustic energy of the thin film shear mode is mostly confined within the center of the coupled resonator where the acoustic leakage can be controlled by support tethers and phononic shielding as shown in Fig. 2(a) . Coupling between the shear mode and the breathing mode in the optomechanical cavity is executed by engineering the holes in the nanobeam while tuning the frequency of the piezoelectric resonator via variations in electrode pitch. When the two mechanical modes are tuned to the same resonance frequency, their modes hybridize and a mode anti-crossing can be observed. In our numerical simulations, the formation of a supermode is further verified by observing a fixed phase relationship between the two parts of the mode as they oscillate collectively. Other modalities of operation are possible using coupled mechanical modes (i.e., detuning the piezoelectric resonator away from the optomechanical resonator) but will not be further explored in this work.
The piezoelectric response of the coupled resonator is computed via finite-element method with its admittance (Y BVD ≡ Z −1 BVD ) fitted to the BVD model as [63, 88] 
where ω s (ω p ) is the series (parallel) resonance frequency as described in Section III C of the main text. The piezoelectric parameters are then extracted (in particular, R m , L m , C m , C 0 , and k 2 ) as shown in Fig. 8 and used in Table I.
The geometries presented here illustrate the main features exploited using the supermode approach, but further optimization may be possible to, for example, increase g 0 . In general, there are a number of different supermode designs [89, 90] than one can consider as a starting point. In this Appendix, we introduce in more detail the piezooptomechanical equivalent circuit in Fig. 3 . While a rigorous derivation can be found in Ref. [43] , here we confine ourselves to a mainly qualitative account that emphasizes how the circuit captures the physical effects expected from the transducer. Moreover, we provide the equations needed to derive the results presented in the main text. A derivation of the transducer figures of merit η and N is given in Appendix C. First, here are some general remarks. The equivalent circuit description of a piezoelectric system, the BVD circuit, is well established. The less-familiar elements of our treatment are: 1) the equivalent circuit in the presence of an optomechanical coupling to the piezoelectric element, and 2) the accounting of quantum noise. Regarding 1), it is not particularly surprising that the linearized optomechanical dynamics is amenable to an impedance formulation. The main non-trivial aspect is the active nature of linearized optomechanical systems, i.e., the fact that the laser pump field provides and absorbs energy to bridge the mechanical and optical frequency scales. In terms of mathematical description, this entails that the optical fields are most naturally represented in the rotating frame with respect to the pump frequency. Below we will describe how the coupling to such a rotating-frame variable can be incorporated in the BVD circuit. Regarding 2), the quantum mechanics of our linear transducer is accounted for simply by suitably quantizing the itinerant input and output fields. There is no need to explicitly quantize the internal degrees of freedom of the transducer insofar as only the input and output fields are of interest; for linear systems the scattering matrix linking those fields is the same quantum mechanically as it is classically.
Piezoelectric subcircuit
As our starting point, we consider the equivalent circuit in Fig. 9 , which is more general than that in Fig. 3 , and is the exact equivalent circuit for the linearized dynamics of a piezoelectric system in which the mechanical element is dispersively coupled to a single optical cavity mode. The simpler circuit in Fig. 3 emerges from this in the limit of adiabatic coupling to the optical cavity. Consider first the leftmost part of the circuit, consisting of the current loops I e and I m , setting C opt → ∞; this is exactly the standard BVD circuit connected to a matching network parametrized by its Thévenin impedance Z e and voltage 2V e . Let us henceforth specialize to the RLC matching network considered in Fig. 3 , for which
. The incoming transmission line signal can be quantized V tx →V tx by expanding it on a set of bosonic quantum operators 
having assumed a thermal state for the mechanical bath â † m,in (ω)â m,in (ω ) = n m (ω)δ(ω − ω ), where n m is the bath occupancy. By the same token, if the electrical circuit is in the ground state in thermal equilibrium, we have V † L (ω)V L (ω ) = 0.
Optomechanical subcircuit
We now consider the optomechanical coupling of the piezoelectric element [91] ; this is accounted for by the two current loops I o,± seen in the rightmost part of Fig. 9 (now taking C opt to be finite). These loops represent the anti-Stokes (I o,+ ) and Stokes (I o,− ) sidebands arising from the beam splitter (∝b †ĉ + H.c.) and two-mode squeezing (∝bĉ + H.c.) interactions, respectively, that arise from the standard radiation-pressure Hamiltonian ∝ (b+b † )(ĉ+ĉ † ). The relative strength of these two types of interaction can be controlled by the pump detuning and the sideband resolution (4ω m /κ o ) 2 , which together determine the parts of the optical cavity Lorentzian L [Eq. (11)] being sampled by the sidebands generated by the mechanical system. The cavity Lorentzian is encoded in the optical sideband impedances Z o,± whereas the optomechanical interaction strength is encoded in the absolute scale of C opt and Z o,± . Dissipation of energy in these loops due to Re[Z o,± ] = 0 simply corresponds to the emission of photons into the optical output channel. Note that the lower sideband impedance has Re[Z o,− ] < 0, reflecting the amplification induced by the Stokes process.
Having motivated qualitatively the features of the general equivalent circuit in Fig. 9 , we now address how the simplified circuit employed in the main text (Fig. 3) arises as a limiting case. To the end of determining the mechanical current I m in Fig. 9 , it is clear that we may algebraically eliminate the optical currents I o,± by applying Kirchhoff's Voltage Law (KVL). The resulting KVL for I m includes the effective load impedances and voltage sources from the optical loops. Now if the (Fourier) frequency dependence of these quantities is weak over the signal bandwidth of interest, we may neglect it by evaluating them at ω = ω m ; this constitutes adiabatic elimination of the optical cavity (in the Fourier domain). The real parts of Z o,± (ω m ) result in the resistances R OM,± (9) in the simplified circuit (Fig. 3) , whereas the imaginary parts amount to an effective frequency shift of the mechanical resonance (however, we assume this to be negligible as is indeed the case for the parameter sets considered in this work).
Whether adiabatic elimination is performed or not, the equivalent circuits in Figs. 3 and 9 must be supplemented with input-output relations relating the incoming and outgoing itinerant fields to the currents in the circuit. Generically, for a signal port with resistance R and current I, the input-output relation reads:
where V in(out) can be decomposed into bosonic frequency components as in Eq. (B.1) in order to achieve a scattering relation of the type seen in Eq. (2). We henceforth specialize to the regime of adiabatic optics described by the simplified circuit in Fig. 3 . The effective optomechanical input-output relation, specifying how the mechanical motion is mapped onto the outgoing itinerant light field associated with the upper sideband (assumed to be the target channel of our transducer), iŝ
+ vacuum terms; (B.4) the omitted vacuum terms vanish when calculating the normal-ordered expectation values associated with photon counting as considered here. Finally, the optical voltage responsible for the amplification noise iŝ
5) where the vacuum term of the upper sideband does not contribute to the normal-ordered noise (ω > 0)
The above equations suffice to derive the expressions for η and N given in the main text as detailed in Appendix C.
Eq. (7) in the main text. Next, by considering the first two terms in Eq. (C.2), we see that a joint electromechanical resonance, where the maxima of the signal enhancement and effective mechanical susceptibility coincide, is achieved by tuning the electrical resonance to ω LC = ω m , where ω m is the effective mechanical resonance stated in Eq. (5).
To continue our derivation of η and N , we combine I m as given by Eq. (C.1) with Eq. (B.1) and the optical input-output relation in Eq. (B.4) to arrive at the scattering relation for the optical output port (upper sideband)
written in a manner suggestive of the transducer relation, Eq. (2); we have introduced the electrical coupling efficiency η e using Eq. (6) . The vacuum terms omitted in Eq. (C.5) now include both V L and optical contributions. This relies on the assumption of a ground-state electrical circuit (in thermal equilibrium) for which the ohmic Johnson noise V L does not contribute to normalordered expectation values, as pointed out above, and hence can be ignored in the photon counting scenario considered here. We identify the prefactor in the first line of Eq. (C.5) with the square root of the (complex) signal transfer efficiency, η(ω), for arbitrary Fourier frequency ω; similarly N (ω) can be evaluated from the second term in the second line.
We now focus on the performance at the transducer resonance ω = ω m . We observe that choosing ω LC = ω m with the latter given by Eq. (5), we have Z m,eff (ω m ) = R m + R EM + R OM,+ − R OM,− on account of Eq. (7). Evaluating Eq. (C.5) at ω = ω m yieldŝ
In view of Eq. (2), the formula for the peak value of the signal transfer efficiency η peak = η(ω m ), Eq. 
However, in the regime of strong electromechanical coupling (2g EM > κ e ), the frequency dependence of η(ω) and N (ω) becomes more pronounced leading to normalmode splitting (colored peaks in Fig. 10 , plotting from Eq. C.5). This is the case when minimization of noise is the goal while sacrificing efficiency. The initial definition of bandwidth must thus be replaced by some choice suitable for the application at hand. Our transducer has the ability to perform frequency conversion in both directions between the microwave and optical parts of the electromagnetic spectrum. However, only the electrical-to-optical noise analysis was considered in the main text for specificity. Here we complete the noise analysis in the reverse direction and also give a proof that the transduction efficiency is the same in the two directions.
In the reverse direction of transduction, that is for optical-to-electrical conversion, the input is at the optical portb and assumed to be localized near the upper sideband ω ≈ ω pump + ω m , while the output is on the electrical portâ such that the analog of Eq. (2) reads (ω > 0)
The signal transfer efficiency η is the same in both directions. This hinges on the reciprocity theorem [62] according to which the admittance of the mechanical arm to a voltage in the transmission line arm Y 
The analogous expression for optical-to-electrical conversion follows knowing that the signal part of the optical voltage is 
In contrast, the added noise of the transducer for optical-to-electrical conversion N differs in general from that of electrical-to-optical conversion N analyzed in the main text [43] . Applying the approach laid out in Appendices B and C to determine the current in the transmission line arm and, in turn, its itinerant output, we calculate the added noise for optical-to-electrical
, in the following subsections, thereby complementing Section III F in the main text. For transduction from the upper optical sideband into the electrical transmission line, the added noise flux per unit bandwidth referenced to the input signal is
which does not depend on the cooperativities. Assuming again a red-detuned laser drive, ∆ = −ω m , we have L + = 1 and
where the last expression is valid for good optomechanical sideband resolution.
Mechanical thermal noise N m
The mechanical thermal noise in the electrical output from the upper optical sideband input is
The quantity C OM /n m is known as the optomechanical quantum cooperativity; it is (approximately) the ratio of coherent optomechanical coupling to the thermal decoherence induced by the mechanical bath. Obviously, quantum-level transduction requires L Suitable values of C T and L must be chosen in order to impedance match the piezo-optomechanical circuit to the input transmission line for which the impedance is assumed to be Z tx = 50 Ω. At the effective resonance ω m , the total resistance of the optomechanical branch (right arm of the circuit in Fig. 3 ) reduces to a resistor with total resistance R opt EM = R m C opt EM = R m +R OM,+ −R OM,− in parallel with the static capacitor C 0 . The tuning capacitor C T will uptransform Z tx to R EM = R opt EM in order to match this typically larger resistance, provided that we choose the value
; the desired impedance transformation is possible if a solution C T ≥ 0 exists. Next, the matching inductor L is chosen to counter the capacitance C 0 + C T (i.e., to have Im[Z] = 0),
Choosing C T and L according to the above equations, the electromechanical and optomechanical cooperativities are optimized for efficiency at the matching condition Eq. (19) . Moreover, as discussed earlier, the conditions
EM and ω MW = ω LC = ω m cause the piezooptomechanical transducer to be perfectly impedance matched to the transmission line at ω m . Impedance matching to the mechanical serial resonance ω s within a matching network has been discussed previously [88] . Note that Eqs. (5), (E.1), and (E.2) are not on closed form, but must be solved self-consistently. An analytical solution can be obtained if the dependence on ω m of the optomechanical contributions in R opt EM can be neglected (e.g., by evaluating them using ω m ≈ ω s ) as is warranted in the typical scenario k 2 κ o /ω s . In that case a solution with C T ≥ 0 exists provided that
and is given by In this Appendix, we derive the electromechanical coupling between a mechanical mode and an electrical LC resonance to arrive at the coupling rate g EM used in the main text.
To start, the electromechanical energy is given by [92] 
wherep,x,φ, andq are the momentum, position, electrical flux, and charge operators, respectively. G is the electromechanical coupling strength introduced in Ref. [43] and rewritten for the piezoelectric case as
The reduced piezoelectric coupling strength is expressed as
where the final expression contains the nominal (C T = 0) value of the coupling strength k 2 , Eq. (3). Expressing the Hamiltonian (F.1) in terms of bosonic annihilation operatorsâ (ĉ) for the LC circuit (mechanical mode), it can be written
The interaction Hamiltonian represents the coupling of the electrical resonator to the mechanical part of the equivalent circuit represented by the BVD model. k 2 T can be related to the electromechanical coupling rate g EM in the presence of an electrical LC resonance such that
Eq. (F.5) reduces to the equation for g EM in Section III C.
Appendix G: Amplification and optical broadening
In Section IV, we restricted the efficiency in the regime η < 1. However, when the optical broadening dominates the mechanical linewidth,
1, such as in the unresolved sideband regime, then the peak maximum efficiency from Eq. (20) saturates at the limiting value:
where in the last expression we consider the laser drive to be red detuned from the cavity resonance by ω m .
In the general case that L − > 0, η
peak can thus exceed η e η o (and hence potentially unity) by as much as the optomechanical gain factor L One of the major tuning knobs on the optical side is the coupling between the optical cavity and an external waveguide, given by κ ext . This parameter can be found in η o [Eq. (12) ] and C OM [Eq. (10) ] which together contributes to the peak efficiency η peak while only the latter contributes to the optical noise N o in electrical-to-optical conversion. Here, we derive approximate analytical relations to optimize the figures of merit. For minimization of N , κ opt ext depends on the competition between optical noise and thermal noise. If weak optomechanical interaction is the bottleneck, i.e., C OM L 2 − < n m , the optical noise is much smaller than the thermal noise. In this case, the strategy is to maximize η peak via the product η o C OM L 2 − , seen in Eq. (28) . We find that the optimal outcoupling amounts to critical coupling κ Figure 11 . Piezo-optomechanical circuit: a transmission line is piezoelectric coupled to a mechanical mode by a BVD circuit with a matching RC network comprised of a tuning capacitor CT and resistor RL.
Appendix I: RC circuit for low impedance piezoelectric resonators
We have considered an electrical RLC circuit for impedance matching in the main text in the context of maximizing the transfer efficiency η. In some scenarios where the piezoelectric resonator exhibit low enough impedance such that Z BVD Z tx , due to high k 2 and C 0 for example, a resonant matching circuit is not needed and a simpler circuit can be used instead, namely the RC circuit resulting from letting the inductance L → 0 in Fig. 11 . In short, the inductor from the matching network is removed. One can retain the loading resistor R L in the analysis to account for incoupling losses, such as electrical signal routing.
The relevance of turning to the RC circuit in the regime Z BVD Z tx , which requires R EM = R opt EM Z tx in order to fulfill Eq. (19) , is seen by considering our results for the RLC network in Section III C. In particular, Eq. (7) implies Z LC Z tx + R L ⇔ ω LC κ e , where κ e is the loaded electrical decay rate as in the main text; hence, this amounts to a loaded quality factor of the electrical resonance less than unity. While in principle this can be engineered with a suitable small inductance L 1 nH , this is often impracticable and, more importantly, unnecessary for impedance matching, as shown in the following.
To proceed, we take the limit L → 0 in Eq. (C.2) to find
.
(I.1)
Hence we see that the impedance matching capability of the RC circuit is to decrease the effective impedance R EM of the transmission line (plus incoupling losses) from the nominal value Z tx + R in as seen from the point of view of the mechanical BVD circuit. As seen from Eq. (I.1) the parameter responsible for controlling this impedance transformation is the ratio of the RC time of the circuit τ RC = (Z tx +R in )(C 0 +C T ) to the oscillation period of the signal frequency 1/ω MW . In the limit of short RC time τ RC 1/ω MW the transmission line impedance retains its nominal value (from the point of view of the mechanical mode), R RC EM ≈ Z tx + R L . For general τ RC we find the effective electromechanical loading of the mechanical circuit
where the characteristic RC impedance is Z RC ≡ 1/(ω MW (C 0 + C T )). This leads to the electromechanical cooperativity
where the electrical coupling rate κ tx = R RC EM /L m . The electrical coupling efficiency is equivalent to that of the RLC circuit discussed in the main text with η ≥ R opt EM . In our discussion of the RLC in the main text, the imaginary part of the joint circuit impedance seen by the transmission line is engineered to be zero by choosing the input signal frequency ω MW = ω LC = ω m . In absence of the electrical inductor L to cancel the imaginary impedance associated with the electrical capacitors of total capacitance C 0 +C T , this cancellation can be achieved with the mechanical inductance L m instead. This is done by choosing the input signal frequency ω MW = ω Conveniently, the discussion of efficiency and added noise in Sections III E and III F carries over to the present case of the RC circuit with the replacements R EM → R RC EM , η e → η RC e , and C EM → C RC EM . This allows a rather straightforward comparison between the two alternatives, RLC versus RC. The absence of resonant enhancement in the RC circuit means that in general only small cooperativities C RC EM < (Z tx + R L )/R m can be obtained using this circuit; however, if in this way one can achieve the value C opt EM [Eq. (19) ] required to impedance match with the optical system then the RC is preferable. Note however that quantum-level suppression of mechanical noise, in the case of electrical-to-optical conversion for specificity, requires η e C EM > n m , which in the matched RC case C RC EM = C opt EM amounts to η RC e R opt EM > n m R m , which in general demands large piezoelectric coupling and/or near-ground-state bath temperatures. As a final remark, a potential benefit of the RC circuit is that it generally has a higher electrical coupling efficiency than the RLC, η RC e ≤ η RLC e , since presumably the first does not suffer from extra loss from inductor L.
The process described in this appendix can also be followed in the bare circuit case where no matching circuit is present by setting C T = 0 and ω m = ω s .
